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Abstract 

We propose a direct correspondence between the classical evolution equations of 5-d super- 
gravity and the renormalization group (RG) equations of the dual 4-d large N gauge theory. 
Using standard Hamilton- Jacobi theory, we derive first order flow equations for the classical 
supergravity action S, that take the usual form of the Callan-Symanzik equations, includ- 
ing the corrections due to the conformal anomaly. This result gives direct support for the 
identification of S with the quantum effective action of the gauge theory. In addition we 
find interesting new relations between the beta-functions and the counterterms that affect 
the 4-d cosmological and Newton constant. 



Introduction 



A central element in the correspondence between classical 5-dimensional supergravity 
and 4-dimensional large N gauge theory [T|] is the interpretation of the extra 'radial' 5-th 
coordinate r with a renormalization group parameter of the 4-d field theory @ |§ @]. The 
radial evolution of the 5-d fields indeed shares many features with an RG flow @ 
[El 01 El [0' but a com pl e te understanding of this correspondence still seems to be 



lacking. The purpose of this paper is to fill some of the gaps in this dictionary and to further 
clarify the relation between gravity and the renormalization group. Concretely, we will show 
that the supergravity equations of motion can be reduced to a flow equation for the classical 
supergravity action S, which furthermore, in the asymptotic limit, can be cast in the form 
of a standard Callan-Symanzik equation. We regard this result as additional justification 
for the identification of the supergravity action S with the quantum effective action of the 
dual 4-d gauge theory. We furthermore will obtain new interesting relations between the 
various terms in the gravitational part of the 4-d effective action, in particular the terms 
that affect the Newton constant and the cosmological term. These relations suggest an 
intimate connection between the physics of the renormalization group and the 4-d Einstein 



equations. This point is worked out in more detail in a separate paper |JL3|] . Our discussion 
will be quite general and will not be restricted to a particular dual pair of supergravity and 
(conformal) gauge theory. Although our approach is new, there is some overlap between our 
results and earlier papers § § 0] § |§ |f| fTJ [TJ on the holographic RG-flow. 



The holographic correspondence 

To set notation we begin with a quick review of the basic elements of the AdS/CFT 
correspondence Q [| §. The central proposal here is that there exists an exact duality 
between large N 4-dimensional M = 4 Yang-Mills theory and type IIB string theory, or for 
large 't Hooft coupling, IIB supergravity living on S§ times AdS$. The supergravity theory 
contains scalars cf) 1 that represent the couplings of the 4-d gauge theory, and the propagation 
of these fields in the r-direction is believed to correspond to the 4-dimensional RG-flow. Since 
these fields are coupled to gravity, their stress energy will affect the shape of the background 
geometry, which as a result will no longer be given by the pure AdS form. To study this 
radial evolution it will be convenient to choose an analogue of the familiar temporal gauge, 
in which the 5-d metric takes the form[] 

ds 2 = dr 2 + g^x, r)dx^dx u . (1) 

The metric g^ v and the fields (ft 1 are allowed to be dependent on all five coordinates x M and 
r. 

We choose a set-up in which the 5-d space has Euclidean signature and has a boundary 
at a finite value of r. We now define S[cj),g] as the classical action of the supergravity 

1 To re-introduce the lapse and shift functions one can make the substition dr — > Ndr and dx^ — > 
d x n + N^dr 
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solution with boundary values for the fields, and g^x) for the metric. To get a 

unique configuration for a given choice of (p 1 and g^ u we further impose that the resulting 
five-dimensional space, even though it is geometrically different from AdSr,, still has the 
same topology, namely that of a five-ball B§. By requiring that the fields / and the metric 
remain regular in the interior of B 5 , there is in principle one unique classical solution for 
given boundary values of the fields and the metric 0. According to the prescription of @ 
0, the classical action S[<p, g] evaluated on the corresponding classical solution describes the 
generating function of gauge invariant operators Oj in the gauge theory 

(0/iW ... ,„ W) ^^...i^ s[ ,, 9l . (2) 

When one puts the fields (f) 1 to zero after doing the variation one computes the correlators of 
the unperturbed N = 4 supersymmetric Yang- Mills theory. One can also put / equal to a 
finite value, which corresponds to switching on a finite perturbation of the field theory. So in 
principle we could consider all gauge theories that can be obtained by a general perturbation 
of the iV = 4 SYM theory. 

Keeping the boundary at a finite radial position r amounts to keeping a finite UV cut- 
off in the gauge theory. Before one can remove this cut-off and take the limit r — > oo, 
one must cancel the infinities that arise in the classical action of the supergravity solution. 
The main source of infinities is the growing metric, or volume, at infinity, since we have 
9fj,u ~ e2Xr gfiu, where A denotes the inverse curvature radius of the asymptotic AdS-space. 
One of our goals will be to use the classical supergravity equations to show that, after 
subtracting these infinities, the resulting correlation functions satisfy the standard Callan- 
Symanzik equations, identical in form to the one derived from the gauge theory. The idea 
behind this correspondence is that the infinities one finds in taking the AdS-boundary to 
infinity can be directly matched those of the quantum field theory calculation. In both cases 
the divergences can be canceled by means of a finite number of counter terms, provided one 
restricts to renormalizable perturbations. On the supergravity side, these renormalizable 
perturbations are represented by 'tachyonic' scalar fields (p 1 with 4 < A 2 m^ < 0. These 
fields decay exponentially as we approach the boundary at r = oo, and therefore will not 
contribute to any additional infinities. In the following we will always restrict ourselves to 
renormalizable and marginal perturbations. 



Radial evolution 

The 5-d equations of motion in the gauge (|l[) can be written as a Hamilton system, with 
time replaced by the radial coordinate r. The hamiltonian that generates this radial flow is 
the analog of the familiar ADM hamiltonian 

H = Jd 4 x^H, (3) 
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with 

H = (vt^tt^- + ^G^K + Cfag). (4) 

Here ir^ and 717 are the canonical momentum variables conjugate to g^ v and (ft 1 , and C 
denotes the local lagrangian density 

£(0, g) = V{<j>) + R + \ PtfGuW d^ J (5) 

with V(<f)) and Gu(<f>) the 5-d scalar potential and metric. Here we have chosen to work in 
the 5-dimensional Einstein frame, so that we can use 5-d Planck units with k§ — 1. 

The 5-dimensional supergravity equations of motion are implied by the standard Hamil- 
ton equations, supplemented with the additional constraints 

VV + 7i7 V„0 7 = 0, (6) 

as well as the Hamilton constraint 

H = 0, (7) 

which ensures the invariance under local shifts r — > r + Sr(x) of the 'equal time slices' r = 
const. 



Hamilton-Jacobi equation 

Let us now bring the action S[(f>,g] back in to our discussion. It is a standard fact, well 
known in classical mechanics, that the value of the canonical momentum conjugate to (p 1 
at a given 'time' r is equal to the functional 7 derivative of the classical action S, for the 
classical solution with boundary value / (r) = (f) 1 . This fact also holds when the 'time' 
direction is replaced by a space-like coordinate. Calling this momentum variable 717, we thus 
have 

This relation is true independent of the initial conditions or other details of the classical 
trajectory. Furthermore, the momentum 717 is related to the flow velocity (f) 1 by 

¥ = G U 7Tj (9) 

where Gjj is again the 5-d scalar metric on the space of couplings. Here the dot represents 
differentiation with respect to the radial coordinate r, even though it is actually a space-like 
coordinate. 
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We can do the same for the metric. In classical 5-d gravity, the momentum variable 
conjugate to g^ u is expressed as 

= HW- (10) 

and is related to the flow velocity of g^ u via| 

2 \ 

= 2tt^ - -tt a g^. (11) 

Combining these four equations gives the first order form of the flow of the couplings cj) 1 and 
the metric. Given the functional form of the classical action S[(j), g] one can unambiguously 
compute the radial derivative of the couplings and metric in terms of their values at that 
point. 

Let us insert the relations ( [TD[ ) and (|TT]) into the constraints ([J) and (|7|). Equation (^) 
gives 

+ V„<^ = 0. (12) 

5g»» UT 5(f)! V ' 

This constraint is easily satisfied: it simply means that the effective action S is invariant 
under 4-d coordinate transformations. Equation (|7]) takes the form 

1 / 1 / SS \2 5S SS 1 t SS SS \ ^_ „ . , . , s 

^ W - - 2 G ww) = ^ M (13) 

This Hamilton- Jacobi constraint will play a central role in the remainder. It is important 
to realize that it is not a constraint on the value of the variations of the action S nor an 
equation of motion of the 4-dimensional fields: instead one must read it as a functional 
differential equation^ that determines the functional form of the classical action 5*. 



Derivative expansion . 

At the scale of the cut-off /i c ~ e Ar the action S[4>, g] is non-local. But at an energy scale 
fi « fi c a part of S can be represented as a local action. Hence, the action S[(j),g] can in 
that case be be decomposed in a local and a non-local part 

S[<f>,g] = S loc [4>,g] + T[<f>,g\ (14) 

2 With non-trivial lapse and shift g^ LV — > N^ 1 ^^ — V^N^ — V„iV M ). 

3 It is instructive to compare it to the Hamilton-Jacobi equation for a relativistic point particle: (dtS) 2 — 
(d x S) 2 = m 2 . We see that scale variation plays the role of time differentiation, which presumably is part of 
the reason for why the conformal factor has the 'wrong' sign in the Einstein action. 
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with 



Sioc[<P,g} = ^(u^ + ^R+^d^Mjj^d^), (15) 



where U, $ and Mjj are local functions of the couplings, and T[(f), g] contains all higher 
derivative and non-local terms. Eventually we are interested in the limit /i c — > oo, or 
more precisely, e = \ij[L c — > 0. In that limit the local potential term will contain quartic 
divergences, while the other local terms are quadratically divergent. In fact, even T contains 
divergences of a logarithmic type. We further note that the local action S\ oc is similar in 
structure as the lagrangian term C in the Hamilton constraint (|TB|). In fact, as we will see, 
the different terms in S\ oc have a direct relation with the corresponding terms in £.. 

The idea of the following calculations will be to insert the expansion (|H|) into the Hamil- 
ton constraint (0), combine the contributions on the left hand side that have the same 
functional form as the terms on the right hand side, and require them to cancel. This proce- 
dure becomes a systematic expansion in the situation where \x « /i c , since the different local 
and non-local terms can then be distinguished by their scaling behavior, up to a redefinition 
of r [ , g } by finite local terms. We first will focus on the potential term, which in the 
limit He — > oo would be quartically divergent. The other terms involving $ and Mjj will be 
considered in a later section. 

By comparing the potential terms on both side, we derive that U and the 5-d potential 
term V are related via 

V = ±U*-~diUG IJ djU. (16) 

Hence V is expressed in terms of U in the same way as if U were the superpotential W 
of the 5-d supergravity. For supersymmetric flows U is indeed equal to the superpotential. 
However, in deriving this expression we have not made use of supersymmetry: it is simply a 
consequence of the standard Hamilton- Jacobi theory applied to 5-d gravity, cf. fll^fl . In fact, 



as we will show in the Appendix, different potentials U could lead to the same potential V, 
and hence U may in general be different from the superpotential W. We finally note that 
the relation ( |I6|) between the 4-d potential U and the 5d potential V was also found to be a 
sufficient, and possibly necessary condition for the stability of domain wall structures in 5-d 
AdS gravity |I| |TJ. 



Holographic RG-flow 

Let us return to the flow equations @ and (|TTD . The field (j) 1 and also the metric g^ 
play a dual role in our discussion. On the one had they represent the couplings and the 
geometrical background of the gauge theory, while on the other hand they describe the 
sources for the local operators Oi and the stress-energy tensor T^. In standard quantum 
field theory one computes the beta-functions for the coupling constants in a flat background 
without any sources. Indeed, to compare our flow equations with the standard RG-flow we 
have to consider the theory at a length scale which is much longer than the cut-off scale, so 
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that at the cut-off scale the fields practically are independent of the 4-d coordinates. In this 
limit the potential term U will dominate over all other terms. 

So let us write the flow equation for the scalar fields and the metric while keeping only 
the potential term, 

¥ = G IJ (<P) djU(<P) g»„ = \u(<P)g, v . (17) 

We see that the metric simply rescales. Hence we can solve its flow equation by the Ansatz 

fiV = a2 9^, (18) 
where is independent of r and the prefactor a satisfies 

a = \u(<P)a. (19) 
o 

Since the parameter a in fact determines the physical scale, we now replace the r derivatives 
in the flow equations by derivatives with respect to a, by using the relation (|T9|). In this way 
we obtain 

a-jV = /3 7 (0) (20) 
da 

where the beta-functions are defined by 

Ptt) = -^f IJ ^ U ^- ( 21 ) 
Thus we see that the holographic RG-flow is in general derived from a potential. 



Relations for the local terms 

The relation ( |16|) for the potentials V and U can now be re-expressed as a condition on 
the squares of the beta-functions: 

1 "W 

Y /G U ^ = 1 - -. (22) 

Since the left hand side is positive definite, the potential U obeys the inequality U 2 > 3V, 
where the equal sign only holds at fixed points of the RG-flow. The relations between the 
other local terms in the action are also conveniently expressed in terms of the beta-functions. 
Comparing the curvature and kinetic terms on the right- and left-hand side gives 

P K d K $ = 2$ + |, (23) 
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and 

f3 K d K M IJ -f3 K d I M KJ -f3 K d J M IK = 2M U + ^G u . (24) 

In addition, there is also a term on the left-hand side of proportional to V 2 that is not 
present on the right-hand side. Requiring the coefficient in front of it cancels gives another 
interesting expression for the beta-function in terms of purely 4-d quantities 

/3 1 = M IJ dj<&. (25) 

In most studies of the AdS/CFT correspondence, the local terms of the boundary effective 
action are considered to be non-universal, since they diverge as we take the limit r — > oo. 
Here we see, however, that they contain very important information about the flow of the 
couplings constants, and even conspire in an interesting way to make up the lagrangian term 
£ of the 5-d gravity theory. 



Callan-Symanzik equation 

As was mentioned before, the action 5* represents the generating function of correlation 
functions of local operators Oi in the gauge theory. In fact, the information about n-point 
functions of operators Oi at different points is all contained in the non-local part of the 
action T. We already established various relations between the local terms. Following the 
same strategy we will now derive a flow equation for the correlation functions that exactly 
take the form of Callan-Symanzik equations. 

The computation proceeds as follows: we again insert the decomposition (|14]) into the 
constraint (|13|), and drop all local terms with two or fewer derivatives. At the order we are 
interested in, there are cross terms that involve (functional derivatives of) the potential U 
and the non-local effective action T. At that same order one also finds curvature squared 
terms and products of the curvature with space-time derivatives of the scalar fields. Here 
we will not write these terms explicitly. The relation we then find is 

-J$(?' W J^ ~ r [0 ' 9] = 4 " derivative terms ( 26 ) 

In order to derive the Callan-Symanzik equations for expectation values of local operators 
we vary this relation with respect to fields / . After doing the variations, the fields are 
put to their constant average value given by the couplings of the gauge theory. We further 
take the metric to be of the form g^ v = a 2 -!]^, where a is ^-independent. The 4-derivative 
terms will drop out after this step, and play no role as long as one considers operators Cj 
at different points in space. Finally, we integrate the resulting expression over all of space 
and replace the functional derivatives by ordinary derivatives by using the definitions 

9 5g^ da' J 5(f) 1 80 1 { ' 
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In this way one derives after some straightforward algebra from (^6|) the standard form of 
the Callan-Symanzik equations 

(aJL- ptyidM . . .0 In (x n )) -E7^ (O h (x 1 )..0 Ji (x i )..0 In (x n )) = (28) 

i=l 

whereQ 

7/ = (29) 

represent the anomalous scaling dimensions of the operators Oj. We should note, however, 
that this equation is derived still with a finite cut-off. We will describe in a moment how 
one can remove the cut-off and obtain the C-S equation for the full renormalized n-point 
functions. 



The conformal anomaly 

In order to recover the conformal anomaly, let us relax the condition that the metric is 



flat, and use the constraint ([13f) to compute an expression for the trace of the finite part of 



the expectation value of the stress tensor: 

<r -> = 7=9^ {m 

The calculation is again similar as outlined above. We find that the trace anomaly takes 
form 

(T) = ^djT + cR^R^-dR 2 . (31) 

where T = T£, and the curvature squared terms simply arise due to the square of the 
Einstein term in the action S\ oc . We recognize this equation as a standard type expression 
as dictated by the broken scale invariance of the effective action T and the trace anomaly 
relation.^ The coefficients c and d are given in terms of Q and <3> by 

c= 6 -f, d=^(e-\d I $>G IJ d J $>). (32) 



We can perform a quantitative check on these coefficients, by going to the fixed point situ- 
ation, where all di derivative vanish. A simple calculation shows we can then express c and 

4 By an appropriate choice of contact term, the ordinary cf) 1 derivative is turned in a covariant derivative 
V/ that is defined in terms of the metric Gij. This ensure that the whole formalism stays covariant under 
field redefinitions. 

5 For a general 4-d conformal field theory one would also have a term given by the square of the Weyl 
tensor. In order to reproduce such a term one would have to add it by hand to the Hamilton constraint, as 
a higher order correction to the 5-d Einstein action. 
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d in terms of the 5-d potential term V as c = 3d — (V/3) -3 / 2 = A 3 /8, which reproduces the 
expression of the holographic Weyl anomaly obtained in [|17]]. The function c is the analogue 
of the central charge of the 4-d QFT, and has been proposed as a candidate C-function in 
§and§. 



Removing the UV cut-off 

So far we studied the RG-flow of the couplings, action, and correlation functions as a 
function of the UV cut-off. To make contact with more standard type RG-equations, we 
have to follow the usual renormalization procedure of cancelling divergences, introducing 
renormalized couplings, and then sending the cut-off to infinity. Here we will outline how 
this procedure works in the present context. In particular we will consider how (p8|) can be 
rewritten as the standard Callan-Symanzik equation for the renormalized n-point function. 

Removal of the cut-off amounts to taking the limit r — > oo. A practical way to describe 
this limit is to write the metric and the couplings as 

g^v = t~ 2 gl u (33) 

and 



R > 



e) (34) 



where gff v and (p R are the renormalized metric and couplings which are kept fixed as we send 
e — > 0. The relation between the bare couplings (p 1 and the renormalized couplings (f) 1 is 
obtained by integrating the RG-flow 

o i T 

^((f)) 7 = 0k ate=l (35) 



de 

Form the supergravity perspective, this procedure for introducing the renormalized couplings 
means the following. Consider the unique classical supergravity trajectory with asymptotic 
boundary conditions specified by the 'bare' fields ((fi^g). The renormalized fields (</>{, <? R ) 
then represent the values of the scalar field on this trajectory at some finite value of the scale 
factor, corresponding to some fixed RG scale. 

As we consider only relevant perturbations, the couplings (p 1 will actually go to zero as 
e A/ / A , as we take the limit e — > while keeping (fi R fixed. The metric g^ u on the other hand 
diverges. Hence we still find, upon inserting the expressions (|33|) and (j34|) into the action 



S, that the various terms contained in S\ oc diverge in the limit e — > 0. For example, the 
potential term U will in general be quartically divergent, while $ and Mjj contain at most 
quadratic divergences. Even the term T has a potential logarithmic divergence that has 
to be removed in the renormalization procedure. This can be done by adding appropriate 
counterterms. The renormalized effective action T R is defined by 

TrI^r^r] = [^finite [<K^R> £ )' ^ 2 9b\ (36) 
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where rfi nit e is obtained from T by subtracting its divergent part. 

We now would like to show that the action T R again satisfies a similar Callan-Symanzik 
equation as before, but now expressed in terms of the renormalized couplings and metric 

1 S S 
— fefS /9 7 (^)T7r) r R [0 R > 9*] = local terms (37) 

The derivation of this relation is basically a change of variables from cj) 1 to (j) 1 . The beta- 
functions behave as vector fields on the space of couplings, and simply transform accordingly. 
This can be seen as follows. Since the relation between 7 and 7 can also be obtained 
by flowing down, the beta-function (3 1 should be such that the variation of (j) 1 due to an 
infinitesimal shift in the cut-off e while keeping (ft 1 constant, can be exactly compensated by 
an infinitesimal RG transformation of (j) 1 : 



R 



By comparing this relation with (j35l) one indeed finds the usual transformation properties 
of a vector field. This implies that we can directly make the substitution 

"'4 = ^4 <») 



Furthermore, since the metric g and g^ v are related by a constant rescaling, one can 
simply relate their functional derivatives as well. Finally, the operators Oj also have to be 
renormalized, in order for their correlators to stay finite. We have 



With these substitutions it is straightforward to recover the Callan-Symanzik equations for 
all renormalized n-point functions. 



~ Pn 9l )(°h( x J ■ ■• l tW) _ E(7r)//' (0\(x 1 )..Oj.(x i )..0* n (x n )) = (41) 



The above procedure for defining the renormalized beta-functions is quite standard. As 
presented, however, it may not be entirely obvious that the beta-functions at a given scale 
H can in fact be extracted from just the knowledge of the UV physics at smaller scales. To 
see how this arises from the supergravity perspective, recall that (p 1 represents the value of 
the scalar field on a specified classical supergravity trajectory. Once we know the values of 
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the bare fields as well as the initial velocities at the cut-off scale, we can integrate inwards 
and obtain the renormalized beta-functions /3^(<j) R ) as the radial velocities (as measured 
relative to the overall scale of the metric) of the fields at this point. This procedure requires 
knowledge of the supergravity solution in the outside region only. 



Discussion and outlook 

In this paper we have shown that the Hamilton- Jacobi equations for 5d Einstein gravity 
can be written in the form of first order RG-flow equations. These results can in principle 
be applied to every 4d gauge theory that can be represented as a relevant or marginal 
perturbation of a large N superconformal field theory, or any of its variations for which an 
AdS/CFT correspondence has been established. Also, generalizations to other dimensions 
are straightforward. In deriving the Callan-Symanzik equations we made use of the fact 
that asymptotically the metric and scalar fields behave as in AdS-space, but the Hamilton- 
Jacobi equations themselves are valid in much more general situations. For example, it is 
conceivable that the RG-flow of practically any large N gauge theory is, in leading order in 
4, described by classical supergravity equations of this type. 

The relation between the 5d Einstein equation, the RG-flow and Callan-Symanzik equa- 
tion, as presented in the main text, was derived in the special gauge with fixed 'lapse' and 
'shift' functions. Reintroducing the lapse and shifts would presumably lead to RG-equations 
that are invariant under local redefinitions of the scale as well as scale-dependent coordinate 
transformations. Together these invariances reflect the underlying 5-d general coordinate 
invariance of the dual supergravity theory. 

It would be interesting to identify the modifications of our equations that are required to 
incorporate 1/N corrections. The Hamilton- Jacobi equations can be considered as the clas- 
sical limit of the quantum Wheeler-DeWitt equation, which (when the WDW wave-function 
is written as e^ s ) contains an additional term proportional to a second order variation of the 
action S. The resulting equation has a striking similarity with Polchinski's version of the 



exact renormalization group [flql . We believe that this is not a coincidence, since it should 
describe the RG-flow of the regularized (through string theory) quantum supergravity theory. 

The internal 5- manifold that features in the usual AdS/CFT framework has not played 
an explicit role in our discussion, but its geometry is implicitly present in the form of the 
scalar fields cj) 1 and the metric Gjj. So the RG-flow equations in principle also describe the 
behavior of this manifold as one flows towards the infra-red. 

Finally, it is an interesting question whether the holographic description of the RG- 
flow that we presented in this paper also applies to 4-d gauge theories that are coupled to 



gravity. It has been argued in |T(| that one needs to replace the asymptotic AdS geometry 
be a compact internal manifold, as would naturally arise in warped compactifications that 
give rise to 4-d gauge theories with gravity. This leads to an interesting interplay between 
the 4-d Einstein equations and the RG-flow equations, that in particular seems to shed new 



light on the role of the cosmological constant. This direction is further investigated in [13 



11 



Acknowledgements 

This work is supported by NSF-grant 98-02484, a Pionier fellowship of NWO, the Packard 
foundation and the stichting FOM. We would like to thank V. Balasubramanian, R. Dijk- 
graaf, S. Kachru, I. Klebanov, G. Lifschytz, V. Periwal, A. Polyakov, L. Randall, C. Schmid- 
huber, E. Silverstein, K. Skenderis for helpful discussions. 



Appendix: Comment on the Hamilton-Jacobi relation for the potential. 

In this Appendix we study the relation between the potentials U and V that follows from 
the Hamilton-Jacobi equation in more detail. For simplicity we go to a basis in which the 
metric Gu is given by 5u, so that we can write the relation as 

\u 2 -\{djUf = V (Al) 

One might wonder whether any potential V can be written in this form. Our derivation of this 
relation did not assume any special properties of V, except the existence of a classical solution 
that can be extended from the boundary to the interior. This of course puts restrictions on 
the potential V, and apparently forces it to be of the supersymmetric form. We will show 
in this appendix that the 4d potential U is for a large part, but not entirely, determined by 
the 5d potential V. 

Let us expand the 5-d potential in powers of (p 1 as 

V = i2A 2 - ^mtftf + guxtftft* • • • (A.2) 

where we used the freedom to shift the fields to remove a possible linear term in cf) 1 . To 
obtain a solution to ( |A.l ) for the 4-d potential, we first try a similar expansion. 



U = 6A + ^A/0V + \uk¥¥^> K (A.3) 

Here we already fixed the constant term so that it matches with that of V. The beta-functions 
derived from this potential are 

P 1 = (4 - A/)0 J + c 1 j K( f> J (f> K (A.4) 

where 

A 3 
A/ = 4 - y c IJK = - \ IJK (A. 5) 
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are the scaling dimensions and operator product coefficients of the operators Oj correspond- 
ing to the couplings 7 . Inserting both expansions (|A.2|) and ( |A.3|) in to (|A.1|) then gives 
the relation 

\j + 4\\ I = mj (A.6) 

which upon inserting the relation ( |A.5| ) is recognized as standard relation between the scale 
dimensions Aj of the 4-d couplings and the corresponding masses m; of the 5-d fields @ 
P] . Notice that this relation implies that the 5-d potential must in fact satisfy the unitarity 
bound mf > — 4A 2 . If this inequality is violated, there are no bounded solutions that extend 
all the way to the asymptotic boundary. 

By looking at the next order in the (f) 1 expansion we obtain the relation 

(A/ + \j + \k- 4A)Aj JK = gijK, (A.7) 



which via ( |A.5| ) expresses the operator product coefficients cjjk in terms of the cubic term 



in V . Note that this expression degenerates in the case that Aj + Aj + = 8. The 
interpretation of this will become clear when we look at deformations of U that preserve the 
relation ( |A.1| ) with V . 



An infinitesimal variation 5U preserves (|A.1|) if it satisfies the linear relation 

AU5U - Sd&d^U) = 0, (A.8) 



or 

(4 - ftd^dU = 0. (A.9) 

These equations tell us that those terms in U that have total dimension 4 are not determined 
by the Hamilton- Jacob i constraint. It is interesting to note that these are precisely those 
terms that remain finite in the continuum limit. Therefore, it appears that the Hamilton- 
Jacobi relation only constrains the divergent terms of the potential U, but not the finite 
part. 
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